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Nonzero ionic size and charge-correlation forces between fluid membranes
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We present a theoretical approach to charge-correlation attractions between like-charged membranes with
neutralizing counterions assumed to be localized to the membrane surface. In particular, we study the effect of
nonzero ionic sizes on the attraction by treating the membrane ch@mgjsbackbone charges and localized
counteriony as forming a two-dimensional ionic fluid of hard spheres of the same diarBetéfsing a
two-dimensional Debye-Hiickel approach to this system, we examine how ion sizes influence the attraction. We
find that the attraction gets stronger as surface charge densities or counterion valency increase, consistent with
long-standing observations. Our results also indicate a nontrivial dependence of the attraction on separations
The attraction is enhanced by ion sizes for intermedtateanges, while it crosses over to the known
D-independent universal behavior las- «; it remains finite ar— 0, as expected for a system of finite-sized
ions.
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[. INTRODUCTION densities and counterion valency. In a low-temperature pic-
. , ) ture [16], the attraction is reminiscent of a strong charge
Counterion-induced attractions between like charges argqejation that drives the system into an ionic crystal at zero
ubiquitous in blology_, as a large class_ of biological processegamperature and decays exponentially witfhere are some
rely on these attractior[d—5]. Some viruses use multivalent yariations of this approadii8,19, but they do not deviate in
counterions in their host cells to package their DNA, whichspirit significantly from it. More recently, it has been shown
carries a negative charge in aqueous solufibj2]. These  that a more complete theory should incorporate both kinds of
attractions are also responsible for the formation of bundlepehavior[20,21): the power-law pressure and the exponential
of other kinds of stiff polyelectrolytes such as microtubulespressure. Depending on surface charge densities or tempera-
and actin filament$3], which are crucial to the mechanical ture, the short-ranged, exponentially decaying pressure can
properties of living cells. Membrane adhesion can also bdoe dominant at short separations, but it should cross over to
promoted by multivalent counterions such as’Mgnd C&*  the power-law pressure as increases. Finally, strong-

[6]. coupling (SO theory has been proposed that becomes as-
Since the mean-field approach of Poisson-Boltzmanrymptotically exact in the strong-coupling linite., low tem-
theory always predicts repulsion between like charges, thBeratures, high surface charge densities, and large counterion

electrostatic mechanism behind these observations has be¥alency [22,23. o
a subject of intensive research in the past few decades, pro- Despite all this effort, the problem of counterion-induced

ducing a number of seemingly distinct theoretical approache@ttraction still remains challenging. Many existitanalyti-

[7-19. In all these approaches, the attraction arises frontal!y tractablg theoretical approach¢s,7,9,11-19rely on a

correlations between counterions, especially those in th§°MMON approximation for charges: point charges. While
close proximity of their coions. The major difference be- S°Me aspects of nonzero ionic sizes were discussed in a more
tween them lies in the wav the .ca ture ion correlations Fonumerlcal treatment in the literatusee, for example, Ref.
y 1Sy cap ' tg]), a more comprehensive picture is highly sought after. It
|

séinmtplf%’r agohnr:fgzgh_e(?éjr?;;?n (22?:2% ?iohr?g gl:])eeph;se; _to 4% also desirable to develop a more analytical approach that
y g P~ will provide a more direct picture of how finite ionic sizes

proach relies on an approximation scheme, namely, a Closuriﬁfluence the electrostatic attraction. The main purpose of

ﬁ]);r?fé: ;:r(]);rlelsziigolrrl] mg?g(;?;’l i&iﬁ?:{;;}%”leﬂs Qr?::/yenu'this paper is to discuss the effects of ionic sizes on the elec-
ySIS. y B 9 trostatic attraction between like-charged surfaces. Here we

fluctuations are captured at the Ga_ussmn .Ievel. For ""Jo not attempt to further reconcile the discrepancy between
screened planar casés.g., charged bilayers in a low-salt

limit), the electrostatic pressure shows universal power-lav?XIStIng approaches. Instead we wil develop two-

. . : - dimensional Debye-Hlckel(DH) theory (i.e., linearized
behavior at large separationi8,10,13: [I(h/\N —x)=II, : ) : :
——kgT/h®, whereh is the separatiorkg is the Boltzmann Poisson-Boltzmann theoryor highly charged surfaces with

. ! . neutralizing counterions assumed to be localized to the
constant, andr is the temperature. Finally is the Gouy- g

Ch lenath. a lenath le within which t ; surface—delocalized counterions will not be taken into ac-
-hapmann fengtn, a fength scale within which most countez,, Here, both backbone charges and counterions are
rions are localizedsee the more precise definition ®fbe-

. - modeled by hard spheres of the same diamBtexs in the
low Eq. (2)]. This result is independent of surface Chargerestrict primitive model[27]. The main advantage of our

approach lies in that it provides a simple physical picture for
the attraction without being complicated by other competing
*Corresponding author. effects. We find that the effect of finit® is dramatic: In
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contrast toll,, which is independent o (planar charge properties of the resulting system can be studied by holding

densitie$ or Z (counterion valency the DH pressure for an ion on one of the surfaces and examining how other ions

D>0 can be sensitive tar and gets stronger ag or Z  respond to if26,27. To this end we put an ion of charg@g,

increases in magnitudeinlessh is too smal). This is in-  at the origin on surface 1, and calculate the electric potential

triguing as it indicates that ionic sizes influence théor Z)  created by this ion and the surrounding ionic cloud of oppo-

dependence of the pressure. Our results are consistent wisiite charge, denoted b¥;(r), wherej (=1,2) runs over sur-

long-standing observations of stronger attractions for highefaces az=0 andh, respectively. In Debye-Htickel theory, the

oy or largerZ [9,16,24,2%. Our results also indicate non- electrostatic potential at positianis then described by the

trivial dependence of the attraction bnWhile the attraction following differential equation(see Ref.[27] for a three-

reduces to the limiting pressudd,. in the limit h—o, it  dimensional analog

showsD dependence foh ranges of physical interest. The

attraction is enhanced by ionic sizes for moderately ldrge _ 4_7TZ ed(r) r<D

(h=5 A), but it approaches a finite value las- 0. The ionic ) _ e “ ’ '

size enhances a charge polarity, leading to a stronger attrac- Var(r) = 2 2

tion unlessh is too small. On the other hand, the free energy X‘l’(f)[5(2) +48(z-h)], r>D,

(per areafor D> 0 is finite, leading to a finite attractiqiper

areg ash— 0. However, our approach may leave out strongwhere)\‘lzZWKBEapra. The validity of this approach can

coupling between ions that becomes important at low tembe checkedh posteriori—see the relevant discussion below

peratures and can be considered as complementary to SGg. 4. The overall neutrality requires™=27€g(Z+1)0y.

theory[22,23. Here we are particularly interested in the electric potential in
the plane of the surfacef;(r )=V (r,,z=0) and iu(r )

=W(r ,,z=h), wherer , =(x,y). We find, forr>D,
II. MODEL AND INTERACTION FREE ENERGY

-1 2
To be specific, we consider two parallel surfaces perpen- da(r ) =Avgq - A dflE Gt Doy (r' =1 )
=1

dicular to thez axis, a distancé apart. Each surface is as-
sumed to be negatively charged with the same backbone

charge densityr=-eo,, with —e the electronic charge. For A1 2
sufficiently largeo, (>0), the Gouy-Chapman length, a Po(r ) = Avgp— —fdrlE Gt Doy (r’ =), (3
length scale beyond which each surface is neutralized, is 2m j=1

smaller than typical ion sizes. In this case, it is useful to

_ [.2 2 = . . .
classify counterions into two subclasgés7]: “condensed” where Uii_l/\“rL+hiJ’ and h'J hif '7&.1 and 0 other_W|se.
and “free.” In this simplified picture, both backbone ChargesNote here that the integration constanis not automatically

and condensed counterions are approximated to lie in thect m_the two—d|.menS|.onaI case, in contrast to the corre-,
onding three-dimensional case where it is fixed by Gauss

same plane of the surface—they give rise to in-plane charg . :
fluctuations that become correlated from one surface to thm\;vtr[iiﬁ]e.lelztn?erz}t/ses useful to introduce a matM defined by

other, leading to an attraction. For simplicity, we will not
include free(delocalized counterions. Here, we adopt the so e kL

called restricted primitive mod€l26,27 of ions and treat Mij(k ) =& + VIR (4)
both backbone charges and condensed counterions as hard L

spheres of the same diamef@y carrying charge at the cen- In terms of this,j4(r ;) and ¢»(r | ) are given as follows:
ter. As a result, the interaction between two chamgeasdq’

separated by a distanceassumes the following forrf27]: dn(r )_A)\f K. dk
1= 1L an
©, <D, 5
) Myy(K )[Mya(k ) = 1] =Mk )
u(r)=4qq (1) N 110K | 1281) 5
o 7D de(M (k)] ollar).

Here the dielectric constart is assumed to be constant M,(k )
throughout the systertthus suppressing dielectric disconti- Po(r ) :A)\f kidle
nuity) and will be taken to be that of water. Furthermore, we defM(k )]
assume that condensed counterions have the same va@encyyhere Jo(x) is the zeroth-kind Bessel function of the first

This is reasonable, since multivalent counterions are prefeiijng. The constantA can be determined by imposing the
entially adsorbed onto a highly charged surf§28]. electric neutrality condition

In order to treat condensed counterions and backbone . .
charges on equal footing, we ugBge to denote the charge on _ €
the two different kinds of ionsZ,=Z for counterions and Ze= X(L droryga(r)+ fo erﬂﬁz(M))- (6)
Z,=-1 for backbone charges. The overall electric neutrality
then requires ,Z,0,=0 [29] (note thatZ eo, is the surface Note that the regiom, <D is included in the second inte-
charge density of theth kind of iong. Most of the crucial gral.

Jo(kyry), (5)
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As it turns out, the smalir behavior reflects single-plate
properties. A — 0, the two-plate system resembles a single
1 plate with a surface charge density twice that of each plate:
. AF(o,h=0)=F(20)/2-Fi(0), where Fi(o)=F(o,

1 h=) is the corresponding free energy of each p[2&. For

1 point charges,F; diverges(opposite charges can get arbi-
B trarily close to each othgr We find that, for D<A\,
limp_o AF——(kgT/4m\?)log(\/D). For D>\, however,
limy, o AF(h)— —(kgT/4wD?)log(D/\). This analysis im-
plies that|{AF(h=0)| decreases a® increases and remains

2l finite as long ad >0, consistent with our results in Fig. 1.
P . I s —— For the more weakly charged case 0£5 A (see the
o 5 10 15 20 insey, however,AF is almost insensitive t® for large h,
h (A) i.,e., h=5 A. On the other hand, fon<5 A, the effect of

nonzeroD becomes more pronouncddF(h<5 A;D>0)|

FIG. 1. The electrostatic free energy of each plate per unit aredS Smaller for largeD, as in the case of=1 A.

AF, as a function of separatidnfor various choices ob. We have To study theh dependence of the free energyer area

chosenT=300 K, =80, and\=1 A. Forh=5 A, the free energy Plate), i.e., A¥, we have displayef\ 7] in units ofkgT as a

gets more negative as the ion sRéncreases. Fox=5 A (see the ~ function ofh in a log-log plot, for two different choices @

insed, however,A is less sensitive t® as long ah=5A. As  (see Fig. 2 D=0 (dashed ling and D=5 A (circles. We

h— 0, however,AF in both cases remains finite as long@s0 have chosed=300 K ande=80. Figures 2a) and 2b) cor-

and is less attractive for larg&. respond tov=1 and 5 A, respectively. First consider the case
A=1 A in (a). In this case, the free energy f@=0, AF,

Following the Debye charging proce@6,27, the charge _EA}‘(D=O), es;sentially follows the_ universa_l scaling be_hav-
fluctuation contribution to the free energy can be obtained. Ifor AF..~-1/h*—the D=0 curve is essentially a straight
we considery, as a function of | ande, i.e., ,(r , ,e), then  line with a slope of about 2 throughout the entire range of the
the electrostatic free energy of each plate per unit area /0t (=5 A). On the other hand, the dependence ofF

given as the following integral: for D=5 A is more complicated. The free energy is no
longer a straight line in the log-log plot, indicating the exis-
F 1 e (rd¢ 1 tence of multiple scaling regimes. To analyze this case, we
keT 27w\ AZ,e o ?wl(D’ge)_ﬁ : ) plot the difference SAF=AF(D=5 A)-AF, (triangles.

The 1h? dependence has been subtracted and the resulting

Note thaty, incorporates both interplate and in-plane chargesAF should reflect ion sizegand charge densitigs-SAF
correlations and i dependent. The free energy in Hf)  depends orD (and \). The slope of this curve becomes
enables us to systematically study the effect of ionic sizes osteeper as increases and thus does not assume a simple
the electrostatic attraction between the two plates.DAs scaling form. It, however, eventually becomes a conssant
— 0, this approach reproduces the known result of Ri]. ~2.9 ash—1000 A. This implies that, for largé, AF

To study the effect of ionic sizes, we have computed the~ AF, +as/hS, wherea; is the coefficient of the 1n° term.
free energy per unit area with referencehto: AF=F(h) This largeh behavior is consistent with Reff9] in which it
- F(h=0). Figure 1 showa F (in units ofkgT) as a function ~was shown thakl -11,~-A,/h* in the limit of h— o, where
of the separatioh for different values of the diamet&. We X\ andD dependence is implicitly included through the coef-
have chosen the parametefs=300 K, €=80 (hence ¢g ficientA,. In this expansion or our free energy expansion, the
=7.1 A), and\=1 A (typical value for DNA or fully charged term depending o> (and \) decays faster thadF... To
bilayers. lonic sizes have nontrivial effects aF: For h  understand this, first recall that long-wavelength fluctuations
=5, AF gets more negative d3 increases. A plausible rea- lead to a long-ranged interaction; X7, arises fromk
son for this is that largeD results in a larger charge =0, then higher-order terms come from highgr. In light
polarity—the charge distribution is more heterogeneous—of this, it is not surprising thaA .. does not refleck or D
and hence an enhanced attraction. To understand this mo#ependence, which should be washed out at large-length
clearly, consider a backbone charge on one of the plaes scalegsee also Ref9]). A straight line tangent to this curve
sumed to be at the origirand its ionic cloud of thickness at largeh (h=1000 A intersects theD=0 curve ath=h,
~\. Beyond the length scaleD + X, this plate will appearto  ~40 A. This implies that the crossover from£/to 1/h
be overall neutral to charges on the other plate. Accordinglytakes place ah=h.. For h<h,, the free energy decays as
this charggsurrounded by the ionic clojdan be more sen- 1/h% Beyond this separation, however, it is dominated
sitively felt by counterions on the other plateDfis larger. by AF..
This may account for the stronger attraction between the Figure 2b) shows the corresponding results for5 A.
plates for largerD. (Similar arguments based on a zero- First note that, foh>5 A, the D=0 curve(AF,) is essen-
temperature picture can be found in REf6].) tially the same as in the case=1 A; AF, for h>\ follows

On the other hand, for smalldr, larger D implies a a universal scaling lay9,12. The main difference between
weaker attraction. At first glance, this is somewhat puzzlingthe caseg\=5 and 1 A4 is through theD-dependent term
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(a) 001 s — ey ey finite ionic sizes is to make charge distributions more hetero-
oo ) ] geneous, Iea}dlng to a larger .charg_e pqla(rhtgnce a stronger
o Fo=siy| attraction. It is worth comparing this with the corresponding
Q@ 0.0001 | I6A 7] ] expansion foD=0: AF,~—(h™?-2\h"3). The second term
e in this equation is distinct from thB-dependent term in Eq.
'_m . (8). If the former is repulsive, the latter is attractive. Along
§ 1 this line, it should be emphasized that the latter is analogous
=~ 107 & to SAF~-1/h%in Fig. 2, in the sense that this makes the
a4 10 attraction stronger and is dominant uphg, which is larger
- o for larger . On the other hand, the b contribution for
3 D=0 becomes negligible for highly charged cases. Finally

10% Lo il SN our asymptotic result in Eq8), especially the second term,

(b) 001 ¢ is valid for h>D,\; SAF approaches this term in this limit.
0001 £ e AFol In intermediate regions, the or A dependence ofAF can
& o001 f e e be more complicated than this implies.
ol . : A In Fig. 3, we present electrostatic pressuEs unit areq
E . IT obtained from a few different approaches: the universal
O pressure, i.ell,,~-kgTZ(3)/87h® (thin solid line), the DH
= 107 b theory of point chargegL2] (dotted line$, our DH approach
SN for D>0 (thick solid lineg, and the hypernetted chain
1 et} (HNC) approximations(diamond$ adopted from Fig. 3 of
1028 Ref. [9]. Note that essentially the same model was used in
107 L S the HNC calcualtions: two overall neutral surfaces carrying
10 100 1000 mobile cations and anions. In our conventiohl
h (A) =-d(2AF)/oh. (RecallAF is the free energy per plate arga.

For our calculations, we have chosen the parameters consis-
FIG. 2. Log-log plot of A, i.e., the electrostatic free energy of tent with Ref.[9]: D=4 A, T=300 K, =80 (dielectric dis-
each plate per unit area as a function of separatiofor (@) A continuity is suppressed in these casé® o;,'=500 A? and
=1 A and(b) =5 A. We have chosefi=300 K ande=80.(a) The ~ Z=1 (A=5.6 A), (b) 05'=200 A> andZ=1 (A\=2.24 A, and
free energy curve fob=0 (AFy) is a straight line with a slope 2, (c) 051:75 A2andz=2 (A=0.56 A). In all these cases, both
confirming the known universal resuls7..~-kgT/h% The free  the HNC results and ours are more attractive thanDie®
energy curve foD=5 A is no longer a straight line, indicating the curves(by several factors at mosfor the range showith
existence of multiple scaling regimes: The slopeddF=AF(D =5 A). This clearly suggests that finite ionic sizes enhance
=5 A)-A7, approaches=2.9 ash—z. Our a”aslys's SUQQEStS  the attraction(unlessh is too smal). For this reason, our
that the free energy is dominated bjaF~1/h° for h=he | oqitsforD=4 A agree better with the HNC results than the
~40 A and crosses over tdF, at h=hg. (b) For a largern D=0 curves. The agreement is excellent foe 5 A in @
=5 A, the crossover takes place at a smaller valuehofh,, h d bet d the HNC Itf
~20 A. Note that the free energy f@=0 in this case is essentially a’]f'_(b)' T&ze Iscrepancy e.Ween ouran .e resuit for
the same as in the previous cdsgfor h>\, as expected. op =75 at small separations can b.e attributed to the ap-
pearance of a short-range pressure in the latter, which our
s ) _ DH approach suppressed. But note that, in a bilayer system
0AF~1/h>and is twofold: For the largex, the free energy 4 room temperature, this high density is realized only when
is less negative and the crossover takes place at a smallgfe pijayer is fully charged. Al increases, all these results
separation(hc,~ 20 A). Consequently, the effect of NONZET0 tand to collapse onto the asymptotic pressure as they should.
ionic sizes becomes more pronounced for a more highlyrhe results in the figure also show hd®=0 curves ap-
charged surface—the prefactor 6AF is larger in magni- proach the universal pressufk, as o, increases. Alsdl.,
tude for smallen. o . appears to be favorably compared with both our result and
In light of our results in Fig. 2, we have carried out an he HNC result foro;'=200 A2. But this is a coincidence; if
asymptotic analysis of the free ener§yy” (per plate arepIn  \ye chose larger values @, then both our and the HNC

this limit h>D> X, we find (in the Appendix results would predict more attractive pressures, while

remains the same.
A_]: _ @{l i D In E} (8) To further study the consequence of finite ionic sizes, we
kgT 32w h® h® O\ plot, in Fig. 4, the free energy per unit arAg (in units of

kgT) as a function of\. We have choserh=10A, T
where{(n) is the Riemann zeta function wit{3)~=1.202. =300 K, ande=80. As shown in the figured F is sensitive
The first term is the universal power ladF... On the other to X\ and is more attractive for small(corresponding to high
hand, the second term arises from finite ionic sizes andr, or Z). These results are consistent with numerical data
makes the free energy more negative. Strictly speaking, thif24,25 but deviate from the corresponding results for point
result is valid in the limith>D > \. Nevertheless, this illus- chargegthe dotted ling which is roughly independent &f.
trates the significance of finite ionic sizes: The main effect ofThe results for point charges are somewhat different from the
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T T
10 (a) o, = 500A —, £ »
S DH (D=0) -0.0001 |
—~ 10° [ DH (D=44) |4 < I
i 1 * HNC (D=4A) | { o<l .
E 10° L ~ -0.0002
z " =
= o L = -0.0003 |
= S
1000 L -0.0004 [
100 —+—t—— -0.0005 Lt
10"t (b) o "' =200A° . LR
: 0 — — -DH (D=0) A(A)
— 10° % DH (D=44) |
o + HNC (D=4A) FIG. 4. The electrostatic free energy per unit a¢eaunits of
E 105 L kgT) as a function ofn. We have choseh=10 A, T=300 K, and
é i €=80. As shown in the figureAF is sensitive tox and is more
E 10¢ F attractive for small\ (corresponding to highly charged case
g 1000 L thanD (see the reIgvant_disc_:ussion around Fiy. 12 this
: case, the asymptotic region is reduced dowteh,. For
i 3 h=<h,, the electrostatic pressure is sensitive\Naas evi-
100 g————— denced in Fig. 4; it is more sensitive to and larger in
197+ (o) 0'0_1= 75A’ e, E magnitude for largeD (for h=10 A).
~N DH (D=0) Our DH approach amounts to keeping charge fluctuations
' 10° DH (D=4A) | at the Gaussian level, leaving out strong charge fluctuations
'E g HNC (D=4A) at short length scales as implied by oscillatory charge corre-
= 10° lations at low temperaturel0]. In a linearized approach,
~ some of this effect can be, in principle, incorporated by al-
= ol lowing the formation of ion pairs between backbone charges
<] : and counterions as much the same way as in the two state
_ 1000 L model for counterions. The study of the competition between
: long-wavelength fluctuations and local ordering is a non-
100 | ‘ trivial one as it depends on separatid2€] as well. More-

over, it has been shown that out-of-plane charge fluctuations
are important and thus the two-dimensional DH approach
inevitably underestimates the negative presqi®23. In

addition, it has been shown that surface-charge discreteness
can lower the electrostatic pressudie[14], making it more
attractive. Note that this effect arises from enhanced counter-
ion condensation and is distinct from the enhanced attraction
(for large D) in our case. In this regard, the spatial distribu-
are more attractive than the corresponding DH result®fep; the  tion of counterions will further complicatd. Hence further
effect of nonzero ionic sizes is more pronounced for larggrAs consideration is certainly warranted. Nevertheless our results
h— oo, all these results tend to collapse onto the limiting pressure€an be used to check the self-consistency of our DH ap-
I1,.=II(h— ) ~ —kgT/h3. The agreement between the HNC results proachwithin the two-state model of counterions. In the case
and ours is excellent except fbf ath=5 A in (c). of physical interest, i.,eh=D=5-10 A, the magnitude of
the h-dependent correlation energy is smaller thaf. In

A-independenf7,; the latter is simply the largb-limit of  that case, the DH approach ought to be good. The agreement
the fOI’meI’. NOte here that the dlf‘fel’ence betWeenM Of our resu|ts W|th those adopted from Rm] is hence not

pressure and the results for 0 in Fig. 4 solely comes from  5ccidental.
nonzero ionic sizes, since the two are otherwise identical.

This is intriguing since it implies that short-length-scale
properties, i.e., ionic sizes, qualitatively modify depen-
dence of AF (unlessh/\ is too large. For D=0, the
asymptotic limit, characterized bM.., is realized ifh>\.
Our results in Fig. 2, however, indicate that foe>0 a new
length scale comes irh,,, which is typically much larger

FIG. 3. Log-log plot of the electrostatic pressiitgoer unit area
as a function of separatioh, for (a) 05'=500 A2, Z=1, (b) o;,*
=200 &, z=1, and(c) 0;'=75 A%, Z=2. In all casesT=300 K
and €=80. Both our result§DH (D=4 A)] and the hypernetted
chain(HNC) approximations foD=4 A from Ref.[9] (diamond$

IIl. SUMMARY

In summary, we have developed a theoretical formalism
to account for the interplay between ionic sizes and the elec-
trostatic attraction between like charged bilayers. To this end,
we have modeled iongboth lipid charges and condensed
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counteriong as charged hard spheres of diaméeas in the
restricted primitive model of a simple ionic fluid. Using a
(two-dimensiongl Debye-Hiickel approach to this system,
we have examined how nonzero ionic sizes are intertwined
with the attraction. The nonzero ionic size can qualitatively
modify the attraction. In the case of physical interéist

PHYSICAL REVIEW E 70, 061503(2004

The constanf,, as determined by Ed@6), is

Z.e 1
A= ——

‘ f erLZl(M)"‘f durjz(u)
D

0

(A3)

=5 A), it enhances the attraction. A plausible reason for thisTo carry out ther integrals in the denominator, we note that

is that the in-plane charge distribution becomes more hetero-...

geneous aP increases, resulting in a larger charge polarity
and hence an enhanced attraction. Also the attraction ge
stronger as the surface charge density units of -€) oy
increases, consistent with known resyi#s16,24. This ob-
servation is interesting, as it implies that the ionic size influ-
enceso dependence of the attraction. In other words, these
two effects(ionic sizes andry dependence of the attractijon
are coupled to each other—the attraction is more sensitive to
oy for larger D. Our results are in accord with the long-
standing observation of enhanced attractions for high charge
densities or large valency and also predicts more realistic
results for the pressure that remains finitdnas0. The main
advantage of our approach is that it allows us to systemati=
cally study the correlation attraction, without relying on ad-
ditional approximations/assumptions in addition to lineariza-
tion that might obscure the essential physics of correlation
attractions.
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drﬂLZl(M) + f

©

erLJZ(M)
0

D o o _
:_J drirl'r//l(rL)-i_f drorgn(r,)

0 0

+ f errLZZ(rL)

0

o . o D .
= f dror [a(r) +(r)]- J dror yn(r;). (A4)
0 0

Using this relation30]

f "ok, ydr, = 200 (A5)

0 k,

where §(x) is the Diracé function, we can simplify the first
integral in Eq.(A4) as

f dr 1 [g(r ) + doo(r )]
0

* 1
=] dk, 8k)[1-
APPENDIX fo & L)[ Mig(k ) +Mya(k )
In this appendix, we present an asymptotic result for the =1. (AB)
free energy(per plate areg AF=F(h) - F(h=»), in the limit
of h>D> \. To this end, we first writejs(r ,) explicitly as T we note that
an integral with respect th ; if we define D
E( ) f drir Kk Jo(k r;)=DJi(k, D), (A7)
1y 0
Mk ak Mk )[Myq(k ) - 1]- Miz(kﬁj . whereJ;(x) is the first-order Bessel function of the first kind,
- fURL defM(k )] o(kir ), we can rewrite the second integral in E§4) as
— Mk ;) f dririga(ry)
lﬂz(rl):J kﬁ“ﬁm‘]o(kﬂﬁ, (A1)
€
F 0 Mgk )[Myg(k ) - 1] - M2,k
we have - Df dk, 1k )[Myy(k ) - 1] 1 L)Jl(kLD)-

ga(r )= ANga(r ),

Uo(r 1) = ANg(r ). (A2)

Z.e 1

0 defM(k )]
(A8)

If we use Eqs(A6) and(A8) in Eq. (A3), we have

. (A9)
Ji(k, D)

€ 1—DfmdkLMll(kL)[Mll(kl)_1]_M52(kj_)

0 defM(k,)]

This, when combined with Eq5), leads to
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% _ —_ 2
f kldkiMn(ki)[Mu(kl) 1] Mlz(ki)Jo(kirl)
e )_zaex 0 defM(k )] (AL0)
o LD f i Mark )Mas(k ) =11 =MEk ) )
o defM(k )] m
Now ¢4(D,Ze)= ys(r=D,e)| ¢ Substitutingy(D, {e) obtained this way into Eq7), we have
( )
* Mag(k )[Maa(k ) = 1] = M,k )
f k dk, Jo(k, D)
F o1 1 de 7° defM(k )] 1
R f - —— . (A11)
keT 27| "% ¢ » Myy(k )[Mya(k ) = 1] =M%k ) 2D\
1 —Df dk, Ji(k, D)
\ 0 defM(k )] et )
For later convenience, we rewrite the term in square brackets as
[Mn(ku[Mn<kn -1]- Migm} 1 Mk AL
defM(k )] 1+xk,  My(k,)defM(k )]’

Note that the first term i independent and that the coupling between the two plates enters thvbygh, )—as expected,
Mio(k ;) —0 ash— . Equation(A1l) becomes

* 1 M2,k ,)
k, dk { - e }J k,D
zoilfw [ P v o i 1 -
keT 27| ), ¢ ” 1 M2k ) 2D\ |
1-D| dk, - J1(k,. D)
0 1+Nk; Mgk, )defM(k )] ool
Following Ref.[26], we find
: 1 L2
fo kldkll_'_)\kl/é,z\]o(le)—)\DTO ) (A14)
1—Ddek ;J (k D)——D—g2 (952> (A15)
e RN W P
where
Xl—n
730 = 1= T —[Ho(X) = Y01, (A16)

2

H,(x) is the Struve function, and,(x) is the Bessel function of the second kind. If we substitute E&§%4) and(A15) into

Eq. (A13), we obtain
2 © 2
D 2> f M2,k )
— 75| — - k. dk Jo(k, D)
F o1 (ta D "(Ag o LIk detmc 1o

k_T = ZT { D§2 D P M2 K,) - 2D (A17)
B 0 _Ys Yoo 12\™ 1
N Tl( N ) * Dfo MMt detmik )P
From this we obtainAF=F(h)-F(h=x),
IS (D 2) fw MZk ) 2 (D
=l =2)-| kdk Jo(k, D £ (22
AF 1 [t D o)) ek detma oy ) ) m’°<x§> (AL8)

kT 27y ¢| D& (9 2) f M2,k ) (_D_éz> (9 2)
)P e Mtk ) detme kD) WA
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We find that, ifh>\,

- M2k )
Dfo K ek kD)

D (D
23]

<

This allows us to expand the denominator of the first term in

Eqg. (A18) in powers of the ratio

o 2 2
D f dk, Mk ) Jl(kLD)/[D—évﬁ(%{z)] .

o Mu(k,)defM(k )] A

To second order in the ratio, we find

rk dk Mik) (kD)
AF 1 (tdg)Jo T Muk defMk )]
keT 2mJ, ¢ DZ (D 2)

RN

0 Mk )defM(k ;)]

2 = 2
5—70(94“2) J dk, k) g )

PHYSICAL REVIEW E 70, 061503(2004

~2hk,

T (1+Ak,)?

AF_1 ack dk, In] 1
kBT—87T 0 + Ln

1 (* k 3k, D) g ks
+— | dk, = ek g1 - ————
grl), C L L-k T @k,

s | S @A) 1) <1+i)
M ek @k 1] T N/

:|‘J0(kj_ D)

(A21)

The free energy can now be expanded in powers &f 1/
The lowest term scales as¥/and the coefficient of thisg,,
can be obtained by multiplying.F by h? and taking the limit
of h— <. To this end, we substitute =t/h in Eq. (A21); the
first integral can then be calculated as follows:

o -2hk,
lim h2f K, dk, In[l e—]JO(kLD)

he o (L+aky)?
= |imfmtdt|n[1—i]J <E>
ey (L+At/h)2]™\ h
=J tdtln(l—e‘a)z—@. (A22)
o 4

(A19)

In the limit of h>D andh> \, the { integral in Eq.(A19) is

mainly determi.ned bg_~ \s‘)_\/h, which is cIosze to 0. In other Similarly, we can getg, the coefficient of the next leading
words, the main contribution comes froby*/A~D/h<1. by takingh— o in h3(AF-a,h™?). We find, forh>D
This allows us to use the smadlexpansions of the two func- and r’1>)\ ’

tions 75(x) and 71(x): 1

To(X)""l,

AF {(3)[1 2\ D( h )]

— ~-2=| S -—+—|In--C||, (A23)
Tl(X)N_)_J;- KgT 32w h* h* h° A

Accordingly, Eq.(A19) becomes where ¢(n) is the zeta function withZ(3)~=~1.202 andC

AF 1 (tde ” M2,k ,) =1.707. The first term is the universal power law, indepen-
E,—:ZT o ¢ _jo k,dk, Mll(kl)de(M(kL)]JO(kLD) dent of surface charge densities and ionic sizes. The other
two terms are the next leading correctionsAté. The third
2~ M2,k ,) term arises from finite ionic sizes. It remains negative and

A K, Mll(kl)de(M(kl)]Jl(le)}' (A20)  thus makes the pressure more attactive as lon/as>1.

For D/N>1, this term dominates the second term. In the
The ¢ integral in this equation can be carried out withoutlimit h>D>\, Eq. (A23) reduces to Eq(8) used in the
further approximations: main text.
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